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a b s t r a c t
A graph G is induced matching extendable, shortly IM-extendable, if every induced
matching of G is included in a perfect matching of G. For a nonnegative integer k, a graph
G is called a k-edge-deletable IM-extendable graph, if, for every F ⊆ E(G) with |F | = k,
G− F is IM-extendable. In this paper, we characterize the k-edge-deletable IM-extendable
graphs with minimum number of edges. We show that, for a positive integer k, if G is a
k-edge-deletable IM-extendable graph on 2n vertices, then |E(G)| ≥ (k+2)n; furthermore,
the equality holds if and only if either G ∼= Kk+2,k+2, or k = 4r − 2 for some integer r ≥ 3
and G ∼= C5[N2r ], where N2r is the empty graph on 2r vertices and C5[N2r ] is the graph
obtained from C5 by replacing each vertex with a graph isomorphic to N2r .
© 2009 Published by Elsevier B.V.
1. Introduction
Graphs considered in this paper are finite, simple and undirected. For a graph G, its vertex set and edge set are denoted
by V (G) and E(G), respectively. For an edge subset E ′ ⊆ E(G), let V (E ′) stand for V (G[E ′]); for a vertex subset S ⊆ V (G),
let E(S) stand for E(G[S]). A set of edges M ⊆ E(G) is called a matching of G, if no two of the edges in M share a common
endpoint. A matchingM of G is perfect [1] if it covers all vertices of G. A matchingM is induced [2] if E(V (M)) = M . We say
that a graph G is inducedmatching extendable [9] (IM-extendable), if every inducedmatchingM of G is included in a perfect
matching of G. Some research on IM-extendable graphs can be found, for example, in [5,3,7–9]. In [9], the IM-extendable
graphs on 2n vertices withminimum number of edges were characterized: it was shown that if G is an IM-extendable graph
on 2n vertices, then |E(G)| ≥ 3n− 2, and the equality holds if and only if G is isomorphic to T × K2, where T is an arbitrary
tree.
Motivated by theoretical interest, we introduce the following k-edge-deletable IM-extendable graphs.
Let k be a nonnegative integer, and G a graph with |V (G)| = 2n and |E(G)| ≥ k. G is called a k-edge-deletable
IM-extendable graph, if, for every F ⊆ E(G)with |F | = k, G− F is IM-extendable. Clearly, a 0-edge-deletable IM-extendable
graph is IM-extendable. Hence, we always assume that k is a positive integer except when specially mentioned. Also, by the
result from [9] mentioned above, any k-edge-deletable IM-extendable graph on 2n vertices must have at least 3n − 2 + k
edges.
It was shown in [3] that every graph on 2n ≥ 12 vertices with minimum degree at least d4n/3e is IM-extendable. This
implies that every graph on 2n ≥ 12 vertices with minimum degree at least d4n/3e + k is k-edge-deletable IM-extendable.
In this paper, we characterize the k-edge-deletable IM-extendable graphs with minimum number of edges (see
Theorem 4.1).
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2. Preliminaries
An empty graph on n vertices is denoted by Nn. The number of odd components of graph G is denoted by o(G). For a
vertex subset S ⊆ V (G), the neighbor set NG(S) of S is defined by
NG(S) = {u ∈ V (G) \ S : there is a v ∈ S such that uv ∈ E(G)}.
For two graphs G and H , the composition, G[H], of G and H is the graph with vertex set V (G)× V (H) and edge set
E(G[H]) = {(u, v)(x, y) : either ux ∈ E(G), or u = x and vy ∈ E(H)}.
Of particular interest to us is the graph C5[N2r ], where r is a positive integer and N2r is the empty graph on 2r vertices.
The following lemma is straightforward.
Lemma 2.1. C5[N2r ] is a 0-edge-deletable IM-extendable graph.
The following lemmas will also be used in our discussion.
Lemma 2.2 ([6, Tutte’s Theorem]). A graph G has a perfect matching, if and only if for every S ⊆ V (G), o(G− S) ≤ |S|.
Lemma 2.3 ([6]). In a bipartite graph, the number of edges in a maximum matching is equal to the number of vertices in a
minimum covering.
Lemma 2.4 ([9]). If G is an IM-extendable connected graph, then |V (G)| is even; furthermore, if |V (G)| ≥ 4, then G is
2-connected.
Lemma 2.5 ([4]). Let G be an r-regular (r − 1)-edge-connected graph with |V (G)| even. Then, if any r − 1 edges are deleted
from G, the resulting graph has a perfect matching.
Since C5[N2r ] is 4r-regular and (4r − 1)-edge-connected, Lemma 2.5 implies the following Lemma 2.6.
Lemma 2.6. Let F be a subset of E(C5[N2r ]) with |F | ≤ 4r − 1. Then C5[N2r ] − F has a perfect matching.
Lemma 2.7. Let G be a k-edge-deletable IM-extendable graph. Then G is also k′-edge-deletable IM-extendable for any k′ with
0 ≤ k′ ≤ k− 1.
Proof. We need only show the result for k′ = k− 1. Let F be a subset of E(G)with |F | = k′, andM an induced matching of
G− F . Note that |E(G)| ≥ 32 |V (G)| − 2+ k. We can see that E ′ = E(G) \ (F ∪M) is not empty. Pick an edge e ∈ E ′ arbitrarily
and set F ′ = F ∪ {e}. Let G′ = G− F − V (M). Clearly, |F ′| = k and G′′ = G− F ′− V (M) is a spanning subgraph of G′. Since G
is k-edge-deletable IM-extendable, G′′ has a perfect matching which is also a perfect matching of G′. The result follows. 
Lemma 2.8. Let F be a subset of E(Ks,t) with |F | ≤ st − bt − 1, where s ≤ t and 0 ≤ b ≤ s− 1. Then Ks,t − F has a matching
with at least b+ 1 edges.
Proof. Since the maximum degree of Ks,t − F is at most t and
|E(Ks,t − F)| ≥ st − (st − bt − 1) = bt + 1,
the cardinality of a minimum covering of Ks,t − F is at least b+ 1. By Lemma 2.3, the cardinality of a maximummatching is
at least b+ 1. 
From Lemma 2.8, we can see that, if s ≤ t and |F | ≤ t − 1, then Ks,t − F has a perfect matching of size s.
Theorem 2.9. For every positive integer k, Kk+2,k+2 is a k-edge-deletable IM-extendable graph.
Proof. Write G = Kk+2,k+2. Let F be a subset of E(G)with |F | = k, andM an induced matching of G− F with |M| = m. Then
k = |F | ≥ m2 −m, and
G′ = G− F − V (M) ∼= Kk+2−m,k+2−m − F ′,
where F ′ = F ∩ E(G− V (M)). Note that
|F ′| ≤ k− (m2 −m) ≤ k+ 2−m− 1.
By Lemma 2.8, G′ has a perfect matching, and the result follows. 
3. Graphs containing a 5-cycle
Write Gr = C5[N2r ] and notate C5 as v1v2v3v4v5v1. For each i ∈ {1, 2, 3, 4, 5}, we define Xi to be the vertex set of the
copy of N2r corresponding to vi in Gr , and
Ei = {xy ∈ E(Gr) : x ∈ Xi and y ∈ Xj where j = i+ 1 (mod 5)},
and if S ⊂ E(Gr), we set Si = S ∩ Ei.
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Lemma 3.1. If r = 1 or r = 2, then Gr is not a (4r − 2)-edge-deletable IM-extendable graph.
Proof. If r = 1, set Xi = {ui, vi} for 1 ≤ i ≤ 5. Let F = {u1v2, v1u2} andM = {u1u2, v1v2}. ThenM is an induced matching
of Gr − F , and Gr − F − V (M)− {u4, v4} has four isolated vertices. By Lemma 2.2, Gr − F − V (M) has no perfect matching,
and so Gr is not 2-edge-deletable IM-extendable.
If r = 2, set Xi = {ui, vi, wi, yi} for 1 ≤ i ≤ 5. Let
F = {u1v2, u1w2, v1u2, v1w2, w1u2, w1v2}
and M = {u1u2, v1v2, w1w2}. Then M is an induced matching of Gr − F , and Gr − F − V (M) − {u4, v4, w4, y4, y1, y2} has
eight isolated vertices. By Lemma 2.2 again, Gr − F − V (M) has no perfect matching, and so Gr is not 6-edge-deletable
IM-extendable. 
Suppose that F is a subset of E(Gr)with |F | = 4r − 2 andM an induced matching of Gr − F . A matching T of Gr is said to
be a useful matching if (1) T ∪M is a matching of Gr , (2) T ∩ F = ∅, and (3) |T ∩ Ei| = 1 for each 1 ≤ i ≤ 5. Let
I = {i : Mi = ∅, 1 ≤ i ≤ 5} and J = {i : Mi 6= ∅, 1 ≤ i ≤ 5}.
An edge e of Gr is said to be a useful edge if e ∈ (∪i∈I Ei) \ F , andM ∪ {e} is a matching of Gr . For a vertex v of Gr and a subset
E ′ of E(Gr − F), we define
F v = {e ∈ F : e is incident with v}, and F E′ =
⋃
v∈V (E′)
F v.
For convenience, let F e stand for F {e}.
Lemma 3.2. Suppose that r ≥ 2 and |Mi| ≤ r − 1 for 1 ≤ i ≤ 5. Then G = Gr has a useful matching T such that
either (a) F T = F , or (b) |F T | ≥ 4 and |T ∩Mi| = 1 for each i ∈ J .
Proof. We say a matching T ′ of Gr − F is required if (1) T ′ ∪M is a matching, (2) |T ′ ∩ Ei| ≤ 1 for 1 ≤ i ≤ 5, (3) T ′ ∩Mi 6= ∅
for each i ∈ J , and (4) |F T ′ | ≥ 4.
Claim 1. Each required matching T ′ is included in a useful matching T of Gr with |F T | ≥ 4.
If |T ′ ∩ Ei| = 1 for 1 ≤ i ≤ 5, then T ′ itself is a useful matching of Gr .
Suppose, without loss of generality, that E2 ∩ T ′ = ∅. ThenM2 = ∅. For i = 2, 3, we define Yi = Xi \ V (M ∪ T ′). Noting
that max{|M1|, |M3|} ≤ r − 1, we have |Yi| ≥ r + 1 for i = 2, 3. Then the number of edges between Y2 and Y3 in Gr − F is
at least (r + 1)2 − (4r − 2) ≥ 3. Let e be such an edge. Then T ′ ∪ {e} is a required matching including T ′. Continuing in this
way, we eventually get a useful matching T of Gr including T ′. Then |F T | ≥ |F T ′ | ≥ 4. Claim 1 follows.
Claim 1 implies that if we can find a required matching T ′ of Gr , then there is a useful matching T of Gr satisfying (b).
Hence, in the following, we either find a useful matching T with F T = F or find a required matching T ′.
When |M| ≥ 3, we define T ′ ⊆ M such that |T ′ ∩Mi| = 1 for each i ∈ J . It can be verified that T ′ is a required matching.
We suppose in the following that |M| ≤ 2.
Claim 2. If u ∈ Xk \ V (M) and |F u| ≤ 2, then, except for the case |M| = |Mi| = 2 = |F u| for some i, for each
j ∈ I ∩ {k, k− 1 (mod 5)}, there is a useful edge in Ej incident with u.
In fact Claim 2 follows by noting that 2r − |Mi| − |F u| ≥ 2r − 3 ≥ 1.
We call a vertexw ∈ Xi \ V (M) an F-vertex if (1) Xi ∩ V (M) = Xi ∩ V (Mα) 6= ∅, where α = i or i− 1 (mod 5), and (2) in
G[F ],w is adjacent to each vertex in Xk \ V (M), where k = i− 1 (mod 5) if α = i, and k = i+ 1 (mod 5) if α = i− 1. Since
|M| ≤ 2, an F-vertexw is of |Fw| ≥ 2r − 1 or 2r , and so Gr has at most one F-vertex.
Let e∗ be a useful edge of Gr such that |F e∗ | is as large as possible. According to the position of the edges ofM and by the
symmetry of Gr , we distinguish the following four cases.
Case 1. |M| = |M1| = 1.
If |FM ∪ F e∗ | ≥ 4, then T ′ = M ∪ {e∗} is a required matching.
If |FM ∪ F e∗ | = 3, let F ′ = F \ (FM ∪ F e∗). Then |F ′| = 4r − 5 ≥ 3 and every useful edge e is of |F e| ≤ 3. When
F ′′ = F ′ \F ′1 6= ∅, let uv ∈ F ′′ be such that dG[F ′](u)+dG[F ′](v) is as small as possible. Thenmin{|F u|, |F v|} ≤ 3 < 4 ≤ 2r , and
so we can choose a useful edge e′ adjacent to uv such that T ′ = M ∪ {e∗, e′} is a required matching. When F ′′ = F ′ \ F ′1 = ∅,
let uv ∈ F ′1. Then we can choose a useful edge e′ ∈ E2 ∪ E5 adjacent to uv such that T ′ = M ∪ {e∗, e′} is a required matching.
We now suppose that |FM ∪ F e∗ | ≤ 2. Then 1 ≤ |F e∗ | ≤ 2, and so every useful edge e is of |F e| ≤ 2. Hence, except for the
F-vertex, every vertex v ∈ V (Gr) \ V (M) is of |F v| ≤ 2. We distinguish the following three subcases.
Case 1.1. Gr has an F-vertexw with |Fw| ≥ 4r − 4, sayw ∈ X2.
If |FM | = 2, let ei ∈ Ei, i = 2, 3, be an arbitrary pair of nonadjacent useful edges. Then T ′ = M ∪ {e2, e3} is a required
matching. So we suppose that |FM | ≤ 1.
Since dGr (w)−|M|− |Fw| ≥ 4r − 1− (4r − 2) = 1, there is an edge e1 ∈ E1 \ F1 incident withw and nonadjacent to the
member ofM . Note that |F \ F e1 | ≤ 2 and if |F \ F e1 | = 2, there are either at least three members in V ′ = V (F \ F e1) \ V (M)
lying in at least two distinct Xi’s, or twomembers in V ′ = V (F \F e1)\V (M)with one incident with two edges of F \F e1 . Since
every vertex v ∈ V ′ is of |F v| ≤ 2, by Claim 2, we can find useful edges ei ∈ Ei, 2 ≤ i ≤ 5, such that T = {ei : 1 ≤ i ≤ 5} is
a matching with F T = F . Then T is a useful matching satisfying (a).
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Case 1.2. Gr has an F-vertexw with |Fw| ≤ 4r − 5, sayw ∈ X2.
As the discussion of Case 1.1, let ei ∈ Ei, i = 2, 3, be an arbitrary pair of nonadjacent useful edges, and suppose that
|FM | ≤ 1.
When every useful edge e ∈ E2 is of |F e| = 1, we have F3 = ∅, F2 = Fw2 , and F1 = FM1 ∪ Fw1 . Since |Fw2 | = 2r , implying
that |Fw1 | = |Fw| − |Fw2 | ≤ 2r − 5, we have |F4 ∪ F5| = |F | − |F2| − |F3| − |FM1 | − |Fw1 | ≥ 2. This means that there is a useful
edge e ∈ E4∪E5 such that |F e| ≥ 2. So we can suppose that e∗ ∈ E4∪E5 and |F e∗ | = 2. Let T ′ = M ∪{e∗, e2, e3}. If necessary,
we change e3 by a new useful edge in E3, also denoted by e3, such that T ′ is a matching. Then T ′ is a required matching.
When there is a useful edge e ∈ E2 with |F e| = 2, since |F e∗ | = 2, we can suppose that e∗ ∈ E2 such that |F u| is as
large as possible, where u ∈ X3 is the end vertex of e∗. Since |FM ∪ F e∗ | ≤ 2, we have FM ⊆ F e∗ . If X3 \ {u} has a vertex u′
with |F u′ | = 2, then, by setting e3 to be an edge incident with u′, we can see that T ′ = M ∪ {e∗, e3} is a required matching.
Otherwise, every vertex v ∈ X3 \ {u} is of |F v| = 1. Then the cardinality of F ′ = F2 ∪ F3 ∪ F e∗ ∪ FM is at most 2r + 1, and
so |F \ F ′| ≥ 2r − 3 ≥ 1. Let e′ ∈ E4 ∪ E5 be a useful edge adjacent to a member of F \ F ′ and nonadjacent to e3. Then
T ′ = M ∪ {e′, e∗, e3} is a required matching.
Case 1.3. Gr has no F-vertex.
We assert that |F e∗ | = 2 in this case. Otherwise, every useful edge e is of |F e| ≤ 1. Then every vertex v ∈ V (Gr) \ V (M)
is of |F v| ≤ 1 and |F \ F1| ≤ 2. When |F \ F1| ≤ 1, we have |F1| ≥ 4r − 3 ≥ 2r + 1, implying that (X1 ∪ X2) \ V (M) has a
vertex v with |F v| = 2, a contradiction. When |F \ F1| = 2, we have |F1| = 4r − 4 ≥ 2r . The only possibility is that F1 is a
matching covering X1 ∪ X2, and so |FM1 | = 2 = |FM |, a contradiction to the fact that |FM | ≤ 1.
Suppose that e∗ ∈ Ek and let F ′ = F \ (F e∗ ∪ FM). Noting that FM ⊆ F e∗ , we have |F ′| = 4r − 4 ≥ 4. If there is a useful
edge e′ 6∈ Ek adjacent to two members of F ′, then T ′ = M ∪ {e∗, e′} is a required matching. So we assume that every useful
edge e 6∈ Ek is adjacent to at most one member of F ′. By symmetry, we need only consider the cases k = 2 and k = 3.
When k = 2, by our assumption, we have |F ′3 ∪ F ′4 ∪ F ′5| ≤ 1, implying that |F ′1 ∪ F ′2| ≥ 4r − 5, and every vertex
v ∈ (X1 ∪ X3) \ V (M ∪ {e∗}) is of |(F ′)v| ≤ 1. Then |F ′j | ≤ 2r − 1 for j = 1, 2. Thus
|F ′ \ F ′1| ≥ 2r − 3 ≥ 1.
Since every useful edge e of Gr is of |F e| ≤ 2, we have |F ′2| ≤ 2r − 2, and so
|F ′1| = |F ′1 ∪ F ′2| − |F ′2| ≥ 2r − 3 ≥ 1.
Claim 2 implies that there are two nonadjacent useful edges e′ ∈ E5 adjacent to a member of F ′1 and e′′ ∈ E3 ∪ E4 adjacent
to a member of F ′ \ F ′1. Then T ′ = M ∪ {e∗, e′, e′′} is a required matching.
When k = 3, our assumption implies that F ′ is a matching of Gr since (F ′)M = ∅, and so |F ′2| ≤ 1 and |F ′4 ∪ F ′5| ≤ 1. Then|F ′1 ∪ F ′3| ≥ 4r − 6 ≥ 2. Claim 2 implies that there are two nonadjacent useful edges e′ ∈ E2 and e′′ ∈ E4 ∪ E5 adjacent to
two members of F ′1 ∪ F ′3. Then T ′ = M ∪ {e∗, e′, e′′} is a required matching. The proof of the lemma in Case 1 is completed.
Case 2. |M1| = |M3| = 1.
As the discussion of Case 1, we suppose that |FM ∪ F e∗ | ≤ 3. Noting that |FM | ≥ 1 and |F e∗ | ≥ 1, we have |F e∗ | ≤ 2 and
|FM | ≤ 2. Let F ′ = F \ FM . Then |F ′| ≥ 4r − 4.
If Gr has an F-vertex w with |Fw| ≥ 4r − 4, as in the discussion of Case 1.1 and instead one useful edge by a member of
M , we obtain a useful matching T with F T = F , satisfying (a). So we suppose that if Gr has an F-vertexw, then |Fw| ≤ 4r−5.
When every useful edge e ∈ E2 is of |F e| = 0, we have F ′1 ∪ F ′2 ∪ F ′3 = ∅. Then |F ′4 ∪ F ′5| = |F | − |FM | ≥ 4r − 4 ≥ 4.
Let e′ ∈ E4 be a useful edge adjacent to one member of F ′4 ∪ F ′5, and let e′′ ∈ E5 be a useful edge adjacent to one member
of (F ′4 ∪ F ′5) \ {F e′}. Then |F {e′,e′′}| ≥ 2. Note that if |FM | = 1, we have |F ′4 ∪ F ′5| ≥ 4r − 3 ≥ 2r + 1, implying that X5 has a
vertex uwith |F u| = 2. Thus we may suppose that e′ is incident with u. Then |F {e′,e′′}| ≥ 3. Consequently, T ′ = M ∪ {e′, e′′}
is a required matching.
When every useful edge e ∈ E2 is of |F e| ≤ 1 and there is a useful edge e′ ∈ E2 with |F e′ | = 1, let F ′′ = F ′1 ∪ F ′2 ∪ F ′3. If
there is an F-vertexw ∈ X2 ∪ X3, sayw ∈ X2, then F ′′ ⊆ Fw . Thus |F ′′| ≤ |Fw| ≤ 4r − 5, and so,
|F ′4 ∪ F ′5| = |F | − |FM | − |F ′′| ≥ 3− |FM |.
We can suppose that e∗ ∈ E4 ∪ E5. Note that, if |FM | = 1, then |F e∗ | = 2. Thus, T ′ = M ∪ {e′, e∗} is a required matching. If
there is no F-vertex in X2 ∪ X3, then |F ′′| ≤ 1, and so |F ′4 ∪ F ′5| = |F ′| − |F ′′| ≥ 4r − 5 ≥ 3. Suppose that e∗ ∈ Ek (k ∈ {4, 5})
and let e′′ ∈ E9−k be a useful edge adjacent to amember of (F ′4∪F ′5)\{F e∗}. Then T ′ = M∪{e′, e′′, e∗} is a requiredmatching.
Now, we suppose that e∗ ∈ E2. Then |F e∗ | = 2. Let e∗ be adjacent to as many members of F ′2 as possible, and let
F ′′ = F e∗ ∪ FM ∪ F ′2. We assert that
|F ′′| ≤ 2r + 1 ≤ 4r − 3,
which means that |F \ F ′′| ≥ 1. Indeed, note that every useful edge e is of |F e| ≤ 2. If there is no F-vertex in X2 ∪X3, we have
|F ′2| ≤ 2r − 1, and either |F ′2| ≤ 1 or F e∗ ⊂ F ′2. Then |F ′′| ≤ 2r since |FM ∪ F e∗ | ≤ 3. If there is an F-vertexw ∈ X2 ∪ X3, say
w ∈ X2, then 2r − 1 ≤ |F ′2| ≤ 2r . When |F ′2| = 2r , X3 \ V (M) has a vertex u with |(F ′2)u| = |F u| = 2. So we can suppose
that e∗ is incident with u. Then F e∗ ⊆ F ′2, and so |F ′′| ≤ 2r + 1. When |F ′2| = 2r − 1, noting that one member of F e∗ is in F ′2,
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we also have |F ′′| ≤ 2r+1. The assertion follows. Let f ∈ F \F ′′ and if possible let f 6∈ F1∪F3. Claim 2 implies that E4∪E5 has
a useful edge e′ adjacent to f . Then T ′ = M ∪ {e′, e∗} is a required matching. The proof of the lemma in Case 2 is completed.
Case 3. |M1| = |M2| = 1.
As in the discussion of Case 1.1, we can suppose that Gr has no F-vertex. Recall that e∗ is a useful edge such that |F e∗ | is as
large as possible and further require that e∗ is adjacent to as few members of FM as possible. We assert that |FM ∪ F e∗ | ≥ 4.
Otherwise, |F e∗ | = 1 and |FM | = 2. Let F ′ = F \ FM . Then |F ′2 ∪ F ′3| ≤ 1, |F ′1 ∪ F ′5| ≤ 1, and |F ′4| ≤ 1. This implies that|F | ≤ 5 < 6 ≤ 4r − 2, a contradiction. Thus T ′ = M ∪ {e∗} is a required matching.
Case 4. |M| = |M1| = 2.
ResetM by a new set which consists of only one member ofM1. Then this is a special case of Case 1 with |FM | ≥ 2. The
proof of the lemma is completed. 
Theorem 3.3. Gr is a (4r − 2)-edge-deletable IM-extendable graph if and only if r ≥ 3.
Proof. By Lemma 3.1, we need only show that, if r ≥ 3, then Gr is (4r − 2)-edge-deletable IM-extendable. Suppose that
F ⊆ E(G) is of |F | = 4r − 2. LetM be an induced matching of G− F . Then, for each 1 ≤ i ≤ 5,
|Mi|(|Mi| − 1) = |Mi|2 − |Mi| ≤ |FMi | ≤ |F | = 4r − 2,
which implies |Mi| ≤ r . To complete the proof, we need only find a perfect matching of Gr − F includingM in the following
two cases.
Case 1. |Mi| = r for some i ∈ {1, . . . , 5}, say i = 1.
Let F ′ = F \ F1. Assume that the value of |F ′i | = |Fi| attains its maximum when i = α 6= 1 and let β = α + 1 (mod 5).
Since r2 − r ≤ |F1| ≤ 4r − 2, we have r = 3 or r = 4.
If r = 3, then |F ′| = |F | − |F1| ≤ 4 and so |M| ≤ 4. Furthermore, when |M| = 4, the edge of M not in M1 is in E3 ∪ E4.
Note that |Fα| ≤ 4. If α = 2 or 5, let Ai = Xi \ V (M), i = α, β . Then Gr [Aα ∪ Aβ ] has a subgraph K3,5. By Lemma 2.8,
Gr [Aα ∪ Aβ ] − Fα has a matchingM∗α with |M∗α | = 3. If α = 3 or 4, then Gr [Xα ∪ Xβ ] is isomorphic to K6,6. By Theorem 2.9,
Gr [Xα ∪ Xβ ] − Fα has a perfect matchingM ′ includingMα . We may letM∗α ⊂ M ′ with |M∗α | = 3 includeMα . Further, observe
that |Fi| ≤ 2 for i 6∈ {1, α} together with Lemma 2.8 implies the existence of a perfect matchingM∗i in any subgraph K3,3− Fi
of Gr(Xi ∪ Xj)− Fi, where j = i+ 1 (mod 5). LetM∗i be such that ∪2≤i≤5M∗i is a matching of Gr . Clearly, ∪2≤i≤5M∗i ∪M is a
perfect matching of Gr − F .
If r = 4, thenM = M1 and |F ′| ≤ 2, i.e., |Fi| ≤ 2 for each i 6= 1. As in the case r = 3, we can easily find a perfect matching
of Gr − F includingM , and we are done in Case 1.
Case 2. |Mi| ≤ r − 1 for all i ∈ {1, . . . , 5}.
Let r0 = r , F(0) = F , andM(0) = M .Wewill construct three sequencesGr0 , . . . ,Grk , F(0), . . . , F(k), andM(0), . . . ,M(k)
in the following way.
Suppose that for some x ≥ 0, Grx , F(x),M(x) have been constructed such that F(x) is a subset of E(Grx) with |F(x)| =
4rx − 2, and M(x) is an induced matching of Grx − F(x) with |M(x)i| ≤ rx − 1 for all i ∈ {1, . . . , 5}. By Lemma 3.2, there
is a useful matching T (x) of Grx subject to F(x) and M(x) such that either (a) F(x)
T (x) = F(x), or (b) |F(x)T (x)| ≥ 4 and
|T (x) ∩M(x)i| = 1 for each iwith 1 ≤ i ≤ 5 andM(x)i 6= ∅.
If (a) occurs, we define k = x+ 1, rk = rx − 1, Grk = Grx − V (T (x)), F(k) = ∅ andM(k) = M(x) \ T (x).
If (b) occurs, we define rx+1 = rx−1, Grx+1 = Grx−V (T (x)) andM(x+1) = M(x)\T (x), and F(x+1) is defined to be any
edge subset of Grx+1 −M(x+ 1) such that F(x) \ F T (x) ⊆ F(x+ 1) and |F(x+ 1)| = 4rx+1− 2. Furthermore, ifM(x+ 1) = ∅,
we define k = x+ 1, and ifM(x+ 1) 6= ∅, we reset x := x+ 1 and repeat the above procedure.
By the above construction, we can see that either F(k) = ∅ or M(k) = ∅. We can also note that rk ≥ 1, and for each
x ≤ k− 1, |M(x)i| ≤ rx − 1 for all i ∈ {1, . . . , 5}.
If F(k) = ∅, by Lemma 2.1, Grk has a perfect matchingM∗ includingM(k), and soM∗ ∪ T (0) ∪ · · · ∪ T (k− 1) is a perfect
matching of Gr − F includingM .
IfM(k) = ∅, by Lemma 2.6, Grk − F(k) has a perfect matchingM∗. Again,M∗∪ T (0)∪ · · ·∪ T (k−1) is a perfect matching
of Gr − F includingM . The result follows. 
4. Proof of the main theorem
Theorem 4.1. Let G be a connected k-edge deletable IM-extendable graph with |V (G)| = 2n. Then |E(G)| ≥ (k + 2)n; the
equality holds if and only if either G ∼= Kk+2,k+2, or k = 4r − 2 for some r ≥ 3 and G ∼= C5[N2r ].
Proof. Suppose, for the sake of contradiction, that δ(G) ≤ k+1. By Lemma 2.7,G is (δ(G)−1)-edge deletable IM-extendable.
Letube a vertex ofminimumdegree, and F a set of δ(G)−1 edges incidentwithu. Thenu is of degree one in the IM-extendable
graph G− F , which contradicts Lemma 2.4. Hence, we have δ(G) ≥ k+ 2, and so |E(G)| ≥ (k+ 2)n.
Now we suppose that |E(G)| = (k+ 2)n. Since δ(G) ≥ (k+ 2), G is (k+ 2)-regular.
Claim 1. G is triangle-free, i.e., G has no induced subgraph isomorphic to K3.
Otherwise, suppose that xyzx is a triangle in G. Let F = {xv ∈ E(G) : v 6∈ {y, z}}. Then |F | = k and so G − F is
IM-extendable. But then,M = {yz} is an induced matching of G− F such that x is an isolated vertex in G− F − V (M). This
contradicts the fact that G− F is IM-extendable. Claim 1 follows.
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We distinguish two cases in the following discussion.
Case 1. G is C5-free, i.e., G has no induced subgraph isomorphic to C5.
Suppose that G has an induced odd cycle C = v1v2 . . . vmv1. Then m ≥ 7. Let F = {v1v ∈ E(G) : v 6∈ {v2, vm}}. Then
|F | = k and so G − F is IM-extendable. But then M = {v2v3, vm−1vm} is an induced matching of G − F such that v1 is an
isolated vertex in G− F − V (M). This contradicts the fact that G− F is IM-extendable. It follows that G is a bipartite graph.
Let u be a vertex of G. Write N(u) = {v1, v2, . . . , vk+2}. Note that, since G is a (k+ 2)-regular bipartite graph, in order to
prove that G ∼= Kk+2,k+2, we need only show that for any two distinct vertices vi, vj ∈ N(u), N(vi) = N(vj). Suppose to the
contrary that yi ∈ N(vi) \ N(vj) and yj ∈ N(vj) \ N(vi). Let F = {uvm : vm ∈ N(u) \ {vi, vj}}. Then |F | = k and so G − F is
IM-extendable. But thenM = {viyi, vjyj} is an induced matching of G− F such that u is an isolated vertex in G− F − V (M),
which contradicts the fact that G− F is IM-extendable. By Theorem 2.9, we complete the proof of the theorem in Case 1.
Case 2. G contains an induced subgraph isomorphic to C5.
Suppose that C = x1x2x3x4x5x1 is an induced cycle of length 5 in G. Set
Xi = NG(xi−1) ∩ NG(xi+1), 1 ≤ i ≤ 5;
here, and in what follows, the indices of X and x are operated under modulo 5. Then Xi−1 ∪ Xi+1 ⊆ NG(xi) for each i. Since G
is triangle-free, for each 1 ≤ i ≤ 5, Xi is an independent set in G.
Claim 2. For each 1 ≤ i ≤ 5 and each vertex u ∈ Xi, we have NG(u) = Xi−1 ∪ Xi+1.
To prove this claim, let i ∈ {1, 2, 3, 4, 5} be given; we assert that
NG(u) ⊆ Xi−1 ∪ Xi+1 for each vertex u ∈ Xi.
Otherwise, let u ∈ Xi and v ∈ NG(u) be such that v 6∈ Xi−1 ∪ Xi+1. ThenM = {uv, xi−2xi+2} is an induced matching in G. Let
F = {xi−1w : w 6∈ {u, xi−2}}. Then |F | = k, andM is still an induced matching in G− F . Note that xi−1 is an isolated vertex in
G−F−V (M), which contradicts the assumption that G is k-edge-deletable IM-extendable. The assertion follows. Therefore,
k+ 2 = |NG(u)| ≤ |Xi−1 ∪ Xi+1| ≤ |NG(xi)| = k+ 2,
which implies that NG(u) = Xi−1 ∪ Xi+1. Claim 2 follows.
Claim 2 implies that |V (G)| =∑5i=1 |Xi| and
k+ 2 = |X1| + |X3| = |X2| + |X4| = |X3| + |X5| = |X4| + |X1| = |X5| + |X2|.
Thus 2|V (G)| = 5(k + 2). Since |V (G)| is even, we have k + 2 = 4r for some positive integer r , and so |Xi| = 2r for each
1 ≤ i ≤ 5. By using Claim 2 again, we conclude that G is isomorphic to C5[N2r ]. Theorem 3.3 implies that r ≥ 3. This
completes the proof of the theorem in Case 2. 
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